A Banach space E is said to have Property (w) if every (bounded linear) operator from E into E ′ is weakly compact. We give some interesting examples of James type Banach spaces with Property (w). We also consider the passing of Property (w) from E to C(K, E).
Introduction
A Banach space E is said to have Property (w) if every operator from E into E ′ is weakly compact. This property was introduced by E. and P. Saab in [9] . They observe that for Banach lattices, Property (w) is equivalent to Property (V*), which in turn is equivalent to the Banach lattice having a weakly sequentially complete dual. Thus the following question was raised [9] :
Question: Does every Banach space with Property (w) have a weakly sequentially complete dual, or even Property (V*)?
In this paper, we give two examples, both of which answer the question in the negative. Both examples are James type spaces considered in [1] . They both possess properties stronger than Property (w). The first example has the property that every operator from the space into the dual is compact. In the second example, both the space and its dual have Property (w). In the last section, we consider if Property (w)
passes from a Banach space E to C(K, E). This was also dealt with in [9] .
We use standard Banach space terminology as may be found in [6] . For a Banach space E, E ′ denotes its dual, and U E its closed unit ball. If F is also a Banach space, then we let L(E, F ) (respectively K(E, F )) denote the space of all bounded linear operators (respectively all compact operators) from E into F . The norm in ℓ p is denoted by · p . Let us also establish some terminology about sequences. If (e i )
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is a sequence in a Banach space, we use [e i ] to denote the closed linear span of (e i ).
The sequence is semi-normalized if 0 < inf e i ≤ sup e i < ∞. If (f i ) is another sequence in a possibly different Banach space, we say that (e i ) dominates (f i ) if there is a constant C such that a i f i ≤ C a i e i for all finitely non-zero real sequences (a i ). Two sequences are equivalent if each dominates the other. Finally, we use the symbol (respectively ) to indicate ≤ (respectively ≥) up to a fixed constant. The symbol ≈ stands for " and ".
James type constructions
We first recall the construction of James type spaces as in [1] . Let (e i ) be a normalized basis of a Banach space E. For (a i ) ∈ c 00 , the space of all finitely non-zero real sequences, let
The completion of the linear span of the sequence (u i ) is denoted by J(e i ). Since we will only consider unconditional (e i ), we use the equivalent norm
The biorthogonal sequences of (e i ) and (u i ) are denoted by (e ′ i ) and (u ′ i ) respectively. The basis projections with respect to the basis (u i ) are denoted by (P n )
The following lemma is useful for computing the norms of certain vectors in J(e i ). Recall that a basic sequence (x i ) is right dominant [1] if it is unconditional and whenever 1 ≤ m(1) ≤ n(1) < . . . < m(i) ≤ n(i) < . . ., we have a n(i) x m(i) a n(i) x n(i) .
Lemma 1 Let (e i ) be a right dominant basis of a Banach space. There exists a constant
is a block basis of (u i ) satisfying
there is a block basis
Let (q(i)) be a finite strictly increasing sequence such that
Let A = {i : there exists some m with p(i) < n(m) < p(i + 1)}. For all i ∈ A, let m i = min{m : n(m) > p(i)} and r i = max{m : n(m) < p(i + 1)}. By (1), for i ∈ A,
since (e i ) is right dominant 
′ be non-compact. Define the projection P :
. Then (1 − P )T has rank 1. Thus P T is non-compact. Replacing T by P T , we may assume without loss of generality that range T ⊆ [u
Choose a bounded sequence (y i ) in E so that inf i,j T y i − T y j > 0. By [1] , Theorem 4.1, ℓ 1 does not embed into J(e i ). Hence we may assume that (y i ) is weakly Cauchy.
Thus (y 2i−1 − y 2i ) is weakly null and semi-normalized; hence by Proposition 1.a.12
of [6] , we may assume that it is equivalent to a semi-normalized block basis (x i ) of (u i ). Since (x i ) is weakly null, Sx i → 0. By using a subsequence, we may further
] is semi-normalized and weakly Cauchy. Using the same argument, we may assume that it is equivalent to a semi-normalized block basis (x 
.
Proof:
Since (e i ) is unconditional, if it is not shrinking, it has a normalized block basis equivalent to the ℓ 1 basis. Hence (e i ) dominates the ℓ 1 basis. Thus (e i ) is equivalent to the ℓ 1 basis. Both (a) and (b) fail in this case, so they are equivalent. Now assume that (e i ) is shrinking.
Hence
Lemma 2, there are semi-normalized block bases (x i ) and (
. By using a subsequence, assume that
Let R :J(e i )→J(e i ) denote the right shift operator R(
dominates all of its normalized block bases, (R k ) is uniformly bounded. Choose a normalized block basis (y i ) of (u i ) such that
and Sz i = 0 for all i. Fix (a i ) ∈ c 00 . By Lemma 1, there is a block basis (w i ) of (e i ) such that w i ≤ a i z i for all i, and
Computing the norm of a vector of the form 3 A non-reflexive space whose dual and itself have Property (w)
In this section, we give an example of a non-reflexive Banach space E so that both E and E ′ have Property (w). In fact, neither E nor any of its higher duals is weakly sequentially complete. The example will again be a J(e i ) space with a suitably chosen
If (e i ) is a normalized basis of a reflexive Banach space E, then J(e i ) is quasi- 
]. Using this observation, the following Proposition can be obtained by straight forward perturbation arguments.
Proposition 5
Let (e i ) be a normalized unconditional basis of a reflexive Banach space E.
(a) Let (y n ) be a bounded sequence in J(e i ) with no weakly convergent subsequence.
Then there exist a subsequence (y n i ), an element y 0 of J(e i ), a block basis (z i ) of (u n ), and a = 0 such that 
By the subsymmetry of (e i ), it is easy to see that
Computing the norm of a vector of the form
. On the other hand, since S(z 4i−1 − z 4i−3 ) = 0 for all i. Lemma 1 implies that (x i ) ≈ (z 4i−1 − z 4i−3 ) is dominated by some semi-normalized block basis of (e i ). But since E satisfies an upper p-estimate, (x i ) is dominated by the ℓ p basis. Thus
, a contradiction. Hence J(e i ) has Property (w).
Since J(e i ) is quasi-reflexive, if J(e i ) ′ fails Property (w), there is an operator
which is not weakly compact. Choose a bounded sequence (y
has no weakly convergent subsequence. As before, apply Lemma 5. In the present situation, we may assume z ′ i = 0 as (z ′ i ) is a weakly null sequence. Arguing as before, we find that the sequence (z 2i − z 2i−1 ) is dominated by
)S). Since Sz i = a = 0 for all i, and because (e i ) is subsymmetric, it follows that (z 2i − z 2i−1 ) dominates (e i ). On the other hand, if x ∈ J(e i ), x ≤ 1,
Hence (e ′ i ) dominates ((P
dominates (e i ). This contradicts assumption (ii). Hence J(e i )
′ also has Property (w). 2
We now construct a sequence (e i ) satisfying the conditions in Propostion 6. For a number p ∈ (1, ∞), let p ′ = p/(p − 1). Now fix p and r such that 1 < p < 2 < r < ∞ and r ′ < p. Let (k n ) ⊆ N I be such that
and (3)
Finally, let α n = √ nk
Lemma 7 For all l, j ∈ N I with
and for all (
Proof:
by the choice of j, since r > 2. Clearly, there is no loss of generality in assuming that
Hence,
where
. Hence
Let (t i ) be the normalized basic sequence so that for all (a i j )
Example 8 Let E be the Banach space with a basis (e i ) so that
Then E satisfies the conditions of Proposition 6. Hence J(e i ) and J(e i ) ′ have Property (w), but neither has a weakly sequentially complete dual.
Proof: It is clear that (e i ) is a symmetric basis and E satisfies an upper p-estimate. To
show that E is reflexive, it suffices to show that c 0 does not lattice embed into E. This will follow if we show that c 0 does not lattice embed into
for all k. Hence (x i ) is not equivalent to the c 0 basis. On the other hand, if inf x i r = 0, we may assume that x i r → 0. For each i, we write
. Since x i r → 0, lim i x i (j) = 0 for all j. Thus, by perturbation and dropping to a subsequence, we may assume that each x i has the form
where (j i ) is strictly increasing. But then since (x i ) is normalized and these factors add according to the ℓ r norm, we see that (x i ) is not equivalent to the c 0 basis. This
shows that E is reflexive.
For all l, choose j as in Equation (5). We estimate the norm of j i=1 e i . It is easy to see that there exists (j i )
by Lemma 7. For i > l,
by Equation (4). It follows easily that (α i j
This implies that
Since r ′ < p, the ℓ p basis does not dominate (e ′ i ). Finally, for all n,
In this section, we consider the question of whether the Property (w) passes from a Banach space E to C(K, E), the space of all continuous E-valued functions on a compact Hausdorff space K. Let E, F be Banach spaces, and let K be an arbitrary compact Hausdorff space whose collection of Borel subsets is denoted by Σ. The dual of C(K, E) is isometric to the space M(K, E ′ ) of all regular E ′ -valued measures of bounded variation on K [4] . In case E = R I , we use the notation C(K) and M(K)
, it is well known that T can be represented by a vector measure G : Σ → L(E, F ′′ ) [4] . In fact, G is given by
for all A ∈ Σ and x ∈ E, where χ A is the characteristic function of the set A. For all
for all x ∈ E, A ∈ Σ. Then the semivariation of G is given by
The following result is well known [2] . Theorem 10 Suppose (K, E) is simple. Then E has Property (w) if and only if
Proof: One direction is trivial. Now assume that E has Property (w). Then E ′ cannot contain a copy of c 0 [9] . We first prove the Claim. Every (bounded linear) operator from C(K, E) into E ′ is weakly compact.
Let T : C(K, E) → E ′ be represented by the measure G. For all x ∈ E, define
copy of c 0 , T x is weakly compact [7] . Hence G takes values in L(E, E ′ ) [5] . Since E has Property (w), G(A) is weakly compact for all A ∈ Σ. If G is not continuous at ∅,
f n is simple, there exist (x n ) ⊆ U E such that f n dG xn > ǫ. Note that for all x ∈ E,
Hence S : E → ℓ 1 defined by Sx = f n dG n n is bounded. Since (Sx n )(n) > ǫ for all n, (Sx n ) is not weakly compact in ℓ Property (w). Since G satisfies conditions (a)-(c) of Proposition 9, and (K, E) is simple, the claim follows.
The proof that C(K, E) has Property (w) proceeds analogously. Let T be an operator from C(K, E) into M(K, E ′ ) represented by the measure G, define T x ∈ L(C(K), M(K, E ′′ )) as above by T x f = T (f ⊗ x) for all x ∈ E, f ∈ C(K). If M(K, E ′ )
contains a copy of c 0 , then ℓ 1 embeds complementably in E [8] , a contradiction. Hence T x does not fix a copy of c 0 , and hence is weakly compact [7] . Thus G is L(E, M(K, E ′ ))-valued [5] . For all A ∈ Σ, let
OBS is weakly compact by the claim above. It is easy to see that S ′ x = G(A)x for all x ∈ E. Thus G(A) = S ′ | E is weakly compact. Finally, if G is not continuous at ∅, we obtain, as in the proof of the claim, a pairwise disjoint sequence (A n ) in Σ, a Σ-measurable U E -valued sequence of functions (f n ) on K, a sequence (g n ) ⊆ U C(K,E) , and ǫ > 0 such that suppf n ⊆ A n and f n dG gn > ǫ for all n. Now S : C(K, E) → ℓ 1 , Sg = f n dG g n is bounded. Since (Sg n )(n) > ǫ for all n, we obtain as before that ℓ 1 embeds complementably into C(K, E). By [8] , this implies that ℓ 1 embeds complementably into E, a contradiction. Since the pair (K, E) is simple, we conclude that T is weakly compact. 2
The pair (K, E) is simple in either one of the following situations:
(a) E ′ and E ′′ both have the Radon-Nikodým Property [2] ;
(b) K is a scattered compact [3] .
